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Abstract: Bioluminescence tomography (BLT) has become a powerful
tool for whole-body small animal imaging. In this contribution, an adaptive
improved element free Galerkin method (IEFGM) is presented to perform
a quantitative reconstruction of the internal light source using quasi- or
multi-spectral information, which not only can avoid the time-consuming
mesh generation but also can reduce the ill-posedness of BLT effectively.
In the algorithm, the reconstruction can be largely enhanced by an adaptive
technology based on a posteriori error estimation. Finally, the numerical
and physical phantom experiment results show that the bioluminescent
source can be recovered accurately.
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1. Introduction

As a promising molecular imaging modality, bioluminescence tomography (BLT) has been
widely studied for its excellent performance and high cost-effectiveness in recent years [1, 2].
The goal of BLT is to reconstruct the internal light source with the transmitted and scattered
bioluminescent signal detected on the external surface of a small animal, which can promote
tumorigenesis study, drug development, gene therapy, etc. [1, 3, 4].

At present, permissible source region strategy or multi-spectral information is commonly
used to reduce the ill-posedness of BLT [5, 6, 7, 8, 9]. However, the determination of permissi-
ble source region requires the surface light power distribution, the anatomical structure and the
peak intensity attenuation of photon transportation [5, 10]. Furthermore, the permissible source
region can not always be inferred, especially for the deeper and/or multiple sources cases. In
addition, the size of permissible source region has an important effect on numerical stability
and efficiency [5]. On the other hand, multi-spectral data acquisition becomes easier with novel
multiple luciferase-tagged technique and advanced spectral separation methods [11, 12]. With
multi-spectral information, the ill-posed inverse problem of BLT will become well-posedness,
and the solution existence and uniqueness of multi-spectral BLT have also been demonstrated
in the reference [13]. Thus, multi-spectral BLT has attracted increasing attention and a consen-
sus that spectrally resolved method can enhance the uniqueness and stability of BLT solution
has been achieved [7, 8, 9]. In previous studies, multi-spectral information is commonly cap-
tured by the band-pass filter [7, 8], whose transmissivity is too low for the weak boundary
bioluminescent signal. From the spectrogram of cutoff filter, it is conceivable that the photons,
whose wavelength is higher than the cutoff threshold of the high-pass filter, can pass through
the filter. Comparatively, only light that locates in the bandwidth of band-pass filter can reach
the detector, which is much fewer than the quasi-spectral case. Moreover, the band-pass filter
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is more expensive. Therefore, quasi-spectral information acquired using several cutoff filters
in physical phantom experiment is employed for bioluminescent source reconstruction in this
paper for the first time to our best knowledge, which not only has higher transmissivity and
signal-to-noise ratio (SNR) than band-pass filter, but also reduces the imaging system cost.

Generally, the finite element method (FEM) is the most popular numerical technique in the
inverse source reconstruction. However, the geometric model should be discretized into finite
element meshes in FEM analysis, and it is a difficult and time-consuming process [3]. Compar-
atively, meshless methods use only a set of points and do not require any node connectivity or
element information, which can avoid the burdensome mesh generation [14, 15, 16]. Moreover,
the reconstruction can be improved greatly using an adaptive technology based on a posteriori
error estimation. Thus, this contribution presents an adaptive improved element free Galerkin
method (IEFGM) for bioluminescence tomography using quasi- or multi-spectral measurement,
and the algorithm performance is validated with numerical and physical phantom experiments.

2. Methodology

2.1. Diffusion equation and Robin boundary condition

In BLT, the propagation of bioluminescent photons in tissue can be modeled by the steady-state
diffusion equation and Robin boundary condition under the assumption that light scattering
dominates over absorption and the internal source operates in continuous wave (CW) mode
during image acquisition [1, 17]. Considering the influence of spectrum λ , the above equations
can be expressed as:

−∇ · (D(x,λ )∇Φ(x,λ )
)
+ µa(x,λ )Φ(x,λ ) = S(x,λ ) (x ∈Ω) (1)

Φ(x,λ )+2A(x;n,n′)D(x,λ )
(
v(x) ·∇Φ(x,λ )

)
= 0 (x ∈ ∂Ω) (2)

where Ω and ∂Ω are the region of interest and the corresponding boundary; Φ(x,λ ) denotes the
photon flux density [W/mm2]; S(x,λ ) represents the internal source density [W/mm3]; µa(x,λ )
is the absorption coefficient [mm−1]; D(x,λ ) = (3(µa(x,λ )+ µ ′s(x,λ )))−1 is the optical dif-
fusion coefficient, µ ′s(x,λ ) the reduced scattering coefficient [mm−1]; v(x) refers to the unit
normal vector outward to the surface ∂Ω; A(x;n,n′) is a function to incorporate the mismatch
between the refractive indices n within tissue and n′ in the surrounding medium.

2.2. Source reconstruction algorithm

The conventional element free Galerkin method (EFGM) is based on the moving least squares
(MLS) approximation, which is constructed by three components: a weight function related to
each discretized point, a basis function and a series of non-constant coefficients [14, 15, 16].

Ni(x) = pT(x)G−1(x)Hi(x) (3)

where Ni(x) denotes the MLS shape function on the ith point; p(x) is the monomial basis
function, pT(x) = [1,x,y,z,x2,xy,y2,yz,z2,zx]; G(x) = ∑Nn

i=1 w(x−xi)p(xi)pT(xi), Nn the num-
ber of nodes and w(x− xi) the weight function; The quartic spline function is specified as the
weight function in this contribution [14, 16]; Hi(x) stands for the ith column of matrix H(x),
H(x) = [w(x−x1)p(x1), · · · ,w(x−xNn)p(xNn)]. However, the MLS interpolation does not pass
through the nodal function values, so the approximation should be performed twice for the
actual solution. Furthermore, the Dirichlet and Robin boundary condition can not be imposed
directly. In this paper, the MLS shape function is modified to possess the Kronecker delta func-
tion property [14, 16]:

Ml(x) =
Nn

∑
i=1

Ni(x)Nl(xi)−1 (4)
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where Ml(x) represents the modified MLS shape function on the lth node; Nl(xi)−1 is an ele-
ment in the inverse of transformation matrix Γ [14]:

Γ =




N1(x1) N2(x1) · · · NNn(x1)
N1(x2) N2(x2) · · · NNn(x2)

...
...

. . .
...

N1(xNn) N2(xNn) · · · NNn(xNn)


 (5)

In multi-spectral data analysis, the bioluminescence spectrum can be divided into several
bands [λk,λk+1],k = 1,2, · · · ,τ , and the energy contribution of the internal light source in the
spectral band [λk,λk+1] is ωk, satisfying ωk ≥ 0 and ∑τ

k=1 ωk ≈ 1, which can be determined
according to the literature [11]. Comparatively, the energy percentages ωk in [λk,∞) in the
quasi-spectral framework appear in non-increasing order: 1 = ω1 > ω2 > · · · > ωτ > 0. In the
spectral band [λk,λk+1] or [λk,∞), the photon flux density Φ(x,λk) and the light source density
S(x,λk) can be approximated with their corresponding nodal values:

Φ(x,λk)≈
Nn

∑
i=1

Φ(xi,λk)Mi(x,λk) S(x,λk)≈
Nn

∑
i=1

S(xi,λk)Mi(x,λk) (6)

Based on Galerkin method and Gauss theory, Eqs. (1) and (2) can be transformed to the
following weak form:

∫

Ω

(
D(x,λ )

(
∇Φ(x,λ )

) · (∇Ψ(x,λ )
)
+ µa(x,λ )Φ(x,λ )Ψ(x,λ )

)
dx

+
∫

∂Ω

1
2A(x;n,n′)

Φ(x,λ )Ψ(x,λ )dx =
∫

Ω
S(x,λ )Ψ(x,λ )dx (7)

Substituting Eq. (6) into Eq. (7), and then the matrix equation in the spectral band [λk,λk+1]
or [λk,∞) can be obtained as follows:

MkΦk = FkSk (8)

where Mk is a symmetric positive definite matrix. Considering the photon density Φmeas
k meas-

ured on the side surface, the following linear system can be established:

Φmeas
k = AkSk (9)

where Ak can be obtained through retaining the rows of M−1
k Fk corresponding to the boundary

detected points. Taking all the spectral bands into account, we have

Φmeas = AS (10)

where

Φmeas =




Φmeas
1

Φmeas
2
...

Φmeas
τ


 , A =




ω1A1
ω2A2

...
ωτ Aτ


 (11)

In order to recover bioluminescent source distribution and keep the uniqueness and stability
of the BLT solution, the optimization objective function is defined using Tikhonov regulariza-
tion method:

min
0≤S≤Ssup

{‖AS−Φmeas‖Λ +αST S} (12)
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where Ssup is the upper bound of the source density; Λ stands for the weight matrix, ‖V‖Λ =
VT ΛV; α is the regularization parameter. In this contribution, Λ equals to the unit matrix and
the regularization parameter can be determined by L-curve method [10, 18]. A modified Newton
method and a specific Hessian matrix are adopted to solve the above minimization problem
with simple bounds for the optimal regularization parameter, and then the localization and
quantification of the reconstructed bioluminescent source can be determined [19, 20].

In the framework of IEFGM algorithm, if node distribution in the actual source region is
sparse, distortion in the reconstructed source quantification and localization will become more
significant. Therefore, an adaptive technology based on a posteriori error estimation is em-
ployed for the above issue. After each level reconstruction, node refinement will be carried out
using the direct maximum selection method until the stopping criterion ‖Φmeas−Φcomp‖< ε is
met, where Φcomp denotes the surface photon density computed with the reconstructed source
and ε is the stopping threshold. If the above stopping criterion is not met, the procedure will
select a series of points with larger reconstructed values for node refinement. It is easily con-
ceivable that the nodes with higher values of the optimization results most likely represent
actual source locations. After node refinement, the reconstruction can be further improved. To
sum up, the corresponding flowchart of proposed algorithm is showed in Fig. 1.

3. Experiments and results

In imaging experiments, a cubic tissue-like heterogeneous phantom of 11 mm side length was
designed to evaluate our algorithm, and two same light sources with 0.125 mm3 volume and 1.0
nW/mm3 power density were embedded into the phantom with their centers at (3.25,3.25,5.25)
and (7.25,7.25,5.25) respectively, as shown in Fig. 2(a). According to the experimental re-
sults of the bioluminescent reporters in the reference [11], we partitioned the spectrum into
three wavelength ranges: [400,530]nm, [530,630]nm and [630,750]nm, and the correspond-
ing energy percentages of each spectral band were specified as ω1 = 0.29,ω2 = 0.48 and
ω3 = 0.23. In addition, the optical properties at the emission wavelength range between 400
nm and 750 nm are listed in Table 1, which could be obtained from the document [21]. In the
adaptive IEFGM analysis, 12×12×12 uniform initial node distribution was arranged. Figure
2(b) presents the reconstruction result without adaptive strategy, and the flux densities of the
recovered light sources were 0.125 nW/mm3 and 0.124 nW/mm3 respectively. However, the
reconstructed power densities could reach 0.889 nW/mm3 and 0.924 nW/mm3 separately after
node refinement, as shown in Fig. 2(c). The corresponding quantitative comparison is summa-
rized in Table 2, and RE in the table represents the relative error between the actual source and
the reconstructed result, which can be computed with the formula RE = |Sreal −Srecons|/Sreal ,
Sreal the real internal bioluminescent source, and Srecons the reconstructed source.

Table 1. Optical properties of the numerical phantom in different multi-spectral ranges.

Spectrum µa(mm−1) µ ′s(mm−1)
Region 1 Region 2 Region 1 Region 2

[400,530]nm 0.0112 0.0245 2.6352 0.9928
[530,630]nm 0.0210 0.0432 2.3466 0.7889
[630,750]nm 0.0014 0.0021 2.1403 0.6574

Then, the above bioluminescent sources were also recovered using quasi-spectral informa-
tion. According to the separation of aforementioned multi-spectral bands, the quasi-spectrum
was divided into three bands: [400,∞)nm, [530,∞)nm and [630,∞)nm, and the corresponding
energy contributions in each band were set as: ω1 = 1.00, ω2 = 0.71 and ω3 = 0.23. The opti-
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Fig. 1. The flowchart of the proposed algorithm.

cal parameters in each spectrum are summarized in Table 3. The reconstructed power densities
were 1.078 nW/mm3 and 0.862 nW/mm3 respectively with adaptive technology, and the centers
of the recovered sources located at (3.0,3.0,5.0) and (7.5,7.5,5.5) separately. The reconstructed
results are depicted in Fig. 3, and the corresponding quantitative comparison is listed in Table
4. From Table 2 and 4, we can see that the quasi-spectral information is equivalent to multi-
spectral measured data for source reconstruction.

In addition, a polyoxymethylene cube phantom with 20 mm side length was fabricated for
further verifying the feasibility of the proposed method, as presented in Fig. 4(a). A hole of 1.25
mm radius was drilled in the phantom to inject luminescent solution used as the light source,
which contained peroxide, ester compound and fluorescent dye. The source power density was
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Fig. 2. Numerical phantom experiment using multi-spectral data. (a) A heterogeneous
phantom with two light sources; (b) Transverse view of the reconstructed result without
adaptive technique; (c) The recovered sources after node refinement. The black square in-
dicates the actual source position.

Table 2. Comparison between the actual and reconstructed sources in multi-spectral case.

Without adaptive technology After node refinement
Source 1 Source 2 Source 1 Source 2

Actual position (3.25,3.25,5.25) (7.25,7.25,5.25) (3.25,3.25,5.25) (7.25,7.25,5.25)
Recovered position (3.0,3.0,5.0) (7.0,7.0,5.0) (3.5,3.0,5.5) (6.5,7.0,5.5)

Actual density 1.0 1.0 1.0 1.0
Recovered density 0.125 0.124 0.889 0.924

RE 87.5% 87.6% 11.1% 7.6%

Table 3. Optical properties of the numerical phantom in different quasi-spectrums.

Spectrum µa(mm−1) µ ′s(mm−1)
Region 1 Region 2 Region 1 Region 2

[400,∞)nm 0.1231 0.2507 2.8574 1.1654
[530,∞)nm 0.0210 0.0421 2.4614 0.8673
[630,∞)nm 0.0026 0.0045 2.2460 0.7233

273.89 nW/mm3 measured by a integrating sphere and the main emission spectrum located
about between 600 nm and 800 nm. In this experiment, the used imaging system mainly con-
tains a liquid-nitrogen-cooled back-illuminated CCD camera (Princeton Instruments VersArray
1300B), a Nikkor 17-55 mm f/2.8 lens, a rotation stage, a light-tight enclosure (not in this fig-
ure) and a group of translation stages, as shown in Fig. 4(b), which can accomplish non-contact
light detection. Figure 4(c) depicts the middle cross-section of the phantom, and the four de-
grees show the direction of the CCD camera during data acquisition. The source spectrum was
split into three bands using a group of cutoff filters: [600,∞)nm, [650,∞)nm and [700,∞)nm, and
the energy contributions in each spectral band were measured by a spectrometer as follows:
ω1 = 1.00, ω2 = 0.64 and ω3 = 0.16. Over the above bands, the absorption coefficient and
the reduced scattering coefficient were determined by a time-correlated single photon count-
ing (TCSPC) system [22], as listed in Table 5. Using single wavelength data, the density of
the recovered source was 305.78 nW/mm3, and the relative error was 11.64%, as depicted in
Fig. 5(a). For two spectrum bands case in Fig. 5(b), the reconstructed flux density was 296.44
nW/mm3 with the relative error about 8.23%. Finally, the source density and the relative error
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Fig. 3. Numerical phantom experiment using quasi-spectral information. (a) The recon-
structed result without adaptive technique; (b) The recovered sources after node refinement.

Table 4. Comparison between the actual and reconstructed sources in quasi-spectral case.

Without adaptive technology After node refinement
Source 1 Source 2 Source 1 Source 2

Actual position (3.25,3.25,5.25) (7.25,7.25,5.25) (3.25,3.25,5.25) (7.25,7.25,5.25)
Recovered position (4.0,4.0,5.0) (7.0,7.0,5.0) (3.0,3.0,5.0) (7.5,7.5,5.5)

Actual density 1.0 1.0 1.0 1.0
Recovered density 0.128 0.121 1.078 0.862

RE 87.2% 87.9% 7.8% 13.8%

of the reconstructed source were 289.63 nW/mm3 and 5.75% respectively using three bands
information, as shown in Fig. 5(c).

Fig. 4. Imaging system and resinous phantom. (a) The polyoxymethylene phantom; (b) The
non-contact imaging system; (c) The middle cross-section of the phantom.

4. Discussion and Conclusion

An improved element free Galerkin method (IEFGM) based on a posteriori error estimation
adaptive strategy with quasi- or multi-spectral information has been proposed for BLT. Com-
pared with conventional reconstruction algorithms, the above method has the following merits.

First, meshless method is applied to inverse bioluminescent source reconstruction for the
first time to the best of our knowledge, which uses only a series of nodes without consideration
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Table 5. Optical parameters for the physical phantom.

Spectrum µa(mm−1) µ ′s(mm−1) n
[600,∞)nm 4.4961×10−5 1.0490 1.50
[650,∞)nm 5.1008×10−4 1.1097 1.50
[700,∞)nm 7.4264×10−4 1.1401 1.50

Fig. 5. Physical phantom experiment. (a), (b) and (c) The reconstructed source using single,
two and three bands measurement respectively.

of the interrelationship among the points, so the troublesome mesh generation and data pre-
processing can be avoided in comparison with FEM. Furthermore, the traditional MLS shape
functions are modified to satisfy the Kronecker delta function property, with which the Dirichlet
and Robin boundary condition can be imposed directly.

Secondly, in inverse source reconstruction, the internal light source is unknown for us. If we
use the meshless method without adaptive technology, the bioluminescent source will not be
recovered accurately, which has been demonstrated by the first numerical experiment results.
Therefore, the proposed algorithm uses an adaptive technique based on a posteriori error esti-
mation to eliminate the influence of the discretized nodes distribution, and the reconstruction is
further improved.

Lastly, multi-spectral information has been widely used in BLT. However, the spectrum
measurements are commonly obtained by the band-pass filter in the previous studies, whose
transmissivity is too low for the weak surface bioluminescent signal. Comparatively, the trans-
mittance of the cutoff filter is higher and the price is lower. To our best knowledge, quasi-
spectral data detected with the cutoff filter is utilized for source reconstruction for the first time,
which significantly reduces the ill-posed property of BLT. In practice, the number of spectrums
is determined by the number of surface measurable points and the number of internal recon-
structed nodes.

In conclusion, we have presented an adaptive improved element free Galerkin method based
on quasi- or multi-spectral measurement for inverse bioluminescent source reconstruction. The
numerical and physical phantom experimental results demonstrate the feasibility of the pro-
posed algorithm, and the source location and density can be recovered exactly. Our future work
will focus on testing the proposed algorithm using the real small animal in vivo experiment
data. The corresponding results will be reported later.
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